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1078 1 � [ M � Æ Vol.28ABf a�"%Tf [11, �M 10.2]. Q�vOB��* UZ(sl−∞), ��71L�+ Z ���W�C3�7YT� Uq(sl
∞
∞) Bo^����M[P� A∞

∞ - x Ringel-Hall 71�7 sl∞∞ - xYT��.a�Wl~	�7��& k�BYgOa71 kA∞
∞ B�gO�(�~	Q�B* kA∞

∞ *�ij�9S(BYgO71���+:B�gOr℄,F���5+F Sq!�5+x Sq��W�kL�i�gO kA∞
∞ - r�5+si n ∈ N, WlB�	gr>^ An - xa71Br���WlB�	 Ringel-Hall 71 H(kA∞

∞) >^ Ringel-Hall 71 H(kA∞) B8o�g�	 H(kA∞) >^
Ringel-Hall 71 H(kAn) B8o�g�+H� aWl�7[ kA∞

∞ B�gO�(℄,�ÆL[:B7�B�Ba0Sq���k_D	[�Ba0Sq>"BI0�+HX a�WlC{	 H(kA∞
∞)BWir(5B�6x/Msi�,B Ringel-Hall 71 H(kAb

a) BWir(5B�6��F a, b ∈ Z,a ≤ b,K�7 H(kA∞
∞). >�F�Wl�=[ H(kA∞

∞) B�i PBW- ����:o[ H(kA∞
∞) �:B�(T71J���TF N �(871��� Z �(71���7�BrO*�gO\r� |X | �(�� X 7|(5B�1�

2 A
∞

∞
�rfyg
�~bw! Q = (Q0, Q1, h, t) *�i&H��F Q0, Q1 *Wi���a�'M Q BKJ��&o�� h, t *Wi4 Q1 = Q0 B� �a�' h(α) � t(α) M α ∈ Q1 BG�Q�! l ∈ N,�z��℄℄B&o α1, · · · , αl, gY t(αi) = h(αi+1), 1 ≤ i ≤ l − 1, Wl9' p = αl · · ·α1* Q B�i$PM l Ba�` h(p) = h(α1), t(p) = t(αl), l(p) = l, a�'>Ma p BG�Q�$P�>�F�wLKJ i ∈ Q0 *$PM^Ba��(M ei. kL& k �&H Q, L� kQ *� Q F7�B�g$PaM�B(S+ k �BoYF"�S" Q FB��Wia

p = αm · · ·α1 � q = βn · · ·β1, L�*�*6�`
qp =







βn · · ·β1αm · · ·α1, �z t(p) = h(q),

0, �9�H�+i|I0`����: kQ (M�i k - 71�Wl'>M&H Q Ba71�&H Q B�i k �( (V, f) *A��Z& k �BoYF" {Vi|i ∈ Q0} ��Z k - i|� {fα : Vi → Vj |α ∈ Q1, h(α) = i, t(α) = j} q(B����z ⊕

i∈Q0

Vi *�gOB k oYF"�Wl9'�( (V, f) *�gOB��iL7M=B/e*&H Q +& k �B�gO�(℄,D "a71 kQ B�gO k - r℄,��`nB An - x&H An Ba71 kAn, n ∈ N

•
1

-
α1 •

2
-

α2 • . . . • -
αn−1 • .

nL7M=&H An *�g�(x��45+�gVi��DqB�Ba0�gO kAn -r�j�B�+`nWl℄-[7�B��DqB�Ba0�gO An - �(�
0

(1)

- · · · 0 - k

(i)

-1id k -1id · · · -1id k

(i+ s− 1)

- 0 · · · - 0,

(n)
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∞ - x Ringel-Hall 71 1079�F 1 ≤ i ≤ n, 1 ≤ s ≤ n − i+ 1, i, s ∈ N, 1id *�D< �t"�gOÆ071B�(Me��")Tf [13] � [14].e+Wl� kA∞

∞ �(�` A∞
∞ - x&H A∞

∞ Ba71
. . . . . . •

0
-

α0 •
1

-
α1 •

2
-

α2 • . . . • -
αn−1 •

n
. . . . . . ,� kAa

∞ �(�` A∞ - x&H Aa
∞ Ba71��F a ∈ Z

•
a

-
αa •

a+1
-

αa+1 • . . . • -
αn−1 •

n
. . . . . . ,� kAa

b �(�` An - x&H Aa
b Ba71��F a, b ∈ Z, a ≤ b, n = b− a+ 1,

•
a

-
αa •

a+1
-

αa+1 • . . . • -
αb−1 • ,

bQ��z Aa
b -e�WlX�M a, b ∈ Z �� a ≤ b.�m 2.1 kL a, b ∈ Z, Aa

∞ � Aa
b * A∞

∞ BT&H��1B�	 kAa
∞ � kAa

b >^ kA∞
∞BT71�Q�m;a71BL��kA∞

∞ � kAa
∞ Oj�9S(����: kA∞

∞ � kAa
∞ O*YgO k - 71�W� kAa

b � kAa
∞ �* kA∞

∞ BT71!*�71��TF kA∞
∞ ( �2

kAa
∞, a ∈ Z) r -E X�MgYB' kA∞

∞E = E (�2 kAa
∞E = E), 3D " E =

⊕

i∈Z

eiE.`TF` kA∞
∞-mod�(�gO kA∞

∞ -r℄,�kAa
∞-mod�(�gO kAa

∞ -r℄,�
kAa

b -mod �(�gO kAa
b - r℄,�Q�:la�D "S�&HB�gO�(℄,��q 2.1 kL�i kA∞

∞ - r E, 5+L�B71S a, b ∈ Z, a ≤ b &� eaE 6= 0,

ebE 6= 0, :*S" j > b �2 j < a, j ∈ Z, � ejE = 0. n��B�V�FB	 E >℄�i
kAa

b - �r� �M E =
⊕

i∈Z

eiE �� E *�gOr�7�B5+�gVB i &� eiE 6= 0. +3�B71 i F�Wl	 a � b a�M[r�[6B1��" kAa
b * kA∞

∞ BT71�V�FB	 E >^�i kAa
b r�_JWl� 1idm = m, ∀m ∈ E, �F 1id = ea + · · · + eb * kAa

bB9S(�3*�M E =
⊕

i∈Z

eiE =
⊕

a≤i≤b

eiE.�m 2.2 �M 2.1 d$k�i�gO kA∞
∞ - r E �iL�B71S (a, b) &� E =

kAa
bE, eaE 6= 0, ebE 6= 0. +3I�H`Wl' E *�i (a, b) - x kA∞

∞ - r�j\F�WlB�V�F	 kAa
b - r>^ kA∞

∞ - r��q 2.2 �z E *�i kAa
b - r�vi E �*�i kA∞

∞ - r�&�S�� i /∈ [a, b],

i ∈ Z, � eiE = 0. ! ρ : kAa
b −→ Endk(E) * kAa

b - r E Br/q< ����: kAa
b
∼= kA∞

∞/J , �F J * kA∞
∞ B� {αm, en|m /∈ [a, b), n /∈ [a, b],m, n ∈ Z} "(BMl�! π : kA∞

∞ ։ kAa
b*V�B k- 71gD<�viWl�= k - 71D< ρπ : kA∞

∞ −→ Endk(E). 3�3�< �d$ E �i kA∞
∞ - r/q�<AB�S�� u ∈ E �� A∞

∞ B��a(5 p, �
pu =







ρ(p)(u), �z p *Aa
bB�ia(5;

0, �9�H�j4F�B�:o�q 2.3 ! E *�i kAa
b - r�vi E �*�i kAc

d - r��F c ≤ a, b ≤ d, ��
eiE = 0 �z c ≤ i < a �2 b < i ≤ d, i ∈ Z.



1080 1 � [ M � Æ Vol.28Ae+�r< ��q 2.4 ! E,F * kAa
b - r� f ∈ HomkAa

b
(E,F ). vi;Wl	 E,F >^ kA∞

∞ - r
(�2 kAc

d - r��F c ≤ a, d ≥ b) $�� f ∈ HomkA∞

∞

(E,F ) (�2 f ∈ HomkAc
d
(E,F )). ! θ : kAa

b −→ Endk(E), η : kAa
b −→ Endk(F ) a�*d$ E,F kAa

b - r/qB k

- 71< �m;�M 2.2 ! θ1, η1 a�*d$ E, F kA∞
∞ - r/qB k - 71< ��"

f ∈ Homk(E,F ), B~�: f(θ1(p)(v)) = η1(p)(f(v)), �F p ∈ kA∞
∞, v ∈ E.Wm;i|!B~�:; p *�ia$B�z��z p /∈ Aa

b , vi θ1(p) = 0, η1(p) = 0,d�� f(θ1(p)(v)) = η1(p)(f(v)) = 0. �z p ∈ Aa
b , vi�" f ∈ HomkAa

b
(E,F ), �

f(θ1(p)(v)) = f(θ(p)(v)) = η(p)(f(v)) = η1(p)(f(v)). j4B:�9/e�j4F�B�:o`℄/e��q 2.5 ! E,F * kA∞
∞ - r� f ∈ HomkA∞

∞

(E,F ). vi5+ a, b ∈ Z, a ≤ b gY
f ∈ HomkAa

b
(E,F ), �� f(pE) = 0, �z p /∈ Aa

b .�m 2.3 4��B=eWlB�I<-B�	 kAa
b -mod (�2 kAa

∞-mod) >^ kA∞
∞

-mod B�iKH%BT℄,�hq 2.1 �z E *�i (a, b) - xB kA∞
∞ - r�vi E *�Ba0 kA∞

∞ - r;�4; E *�i�Ba0B kAa
b - r�_J�7�B�gO�Ba0 kA∞

∞- �(B��`k-
· · · 0 - k

(a)
-

1id k -
1id · · · -

1id k

(b)
- 0 · · · , (2.1)�F a ≤ b, a, b ∈ Z. .aWlR����Ba0 (a, b) - x kA∞

∞ - r E �*�Ba0 kAa
b - r�-S�B kAa

b - r E B�a0M E′ ⊕ E′′, �F E′ � E′′ * kAa
b r�m; �M 2.2 Wl=?B�	 E′ � E′′ >^ kA∞

∞ - r��1 kA∞
∞ - r E B�a0M E′ ⊕ E′′, �F E′ � E′′ *

kA∞
∞ - r�3<DhU��3�;Wlm;�M 2.2 	���Ba0 kAa

b - r E >^ kA∞
∞ - r$�WlR� E�*�i�Ba0 kA∞

∞ - r�-� E ∼= E′ ⊕ E′′, �F E′ � E′′ * kA∞
∞ - r�m;�M

2.2 Wl=? eiE
′ = 0 = eiE

′′, �F i /∈ [a, b], i ∈ Z. �1m;�M 2.3 B�	 E′ � E′′ >^
kAa

b - r��1^M kAa
b - r� E ∼= E′ ⊕ E′′. 39<DhU�[���"Wl�=7�B�gO�Ba0 kAa

b - r��F a, b ∈ Z, a ≤ b, WlB��`k-7�B�gO�Ba0 kA∞
∞- �(

· · · 0 - k

(a)

-
1id k -

1id · · · -
1id k

(b)

- 0 · · ·,�F a ≤ b, a, b ∈ Z.M[0u_��Wl	S�"�( (2.1) B kA∞
∞ - r�M inda

b . L� inda
b B$PM

b− a+1, �M l(inda
b ). �1��IV�B_'B�L��� kA∞

∞ - rB$P���z kA∞
∞-

E Dq" l
⊕

i=1

Ei, �F Ei *�Ba0 kA∞
∞ - r�L� E B$P l(E) M l

∑

i=1

l(Ei). ���:
inda

b *�i uniserial r� {indl
b|a ≤ l ≤ b, l ∈ Z} *:B7�Tr�! {Si|i ∈ Z} *7�BWW��DqB9 kA∞

∞ - r��z E ∈ kA∞
∞-mod, � dimE =

((dimE)ei
)i∈Z M E BO1oY�� (dimE)ei

�* Si + E FB Jordan-Hölder J1��q 2.6 ! M,N a�* (a, b) - x� (c, d) - x kA∞
∞ - r��z��i kA∞

∞ - rQ8�℄� 0 −→ M −→ E −→ N −→ 0, vi E * (f, g) - x kA∞
∞ - r��F g = max{b, d},
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f = min{a, c}. >�B�B�	gQ8�℄>^�i kAf
g - rQ8�℄� Q�= dimE = dimM + dimN . 3�RRS�� i ∈ Z, � (dimE)ei

= (dimM)ei
+

(dimN)ei
. �" f = min{a, c}, g = max{b, d}, � (dimE)ef

= (dimM)ef
+ (dimN)ef

6= 0,�� (dimE)eg
= (dimM)eg

+ (dimN)eg
6= 0. WS"�� j /∈ [f, g], j ∈ Z, � (dimE)ej

=

(dimM)ej
+ (dimN)ej

= 0. �1 E * (f, g) - x kA∞
∞ - r�m;�M 2.3 ��M 2.5, B�	gQ8�℄>^� kAf

g - rBQ8�℄�kL kA∞
∞ - r A � B, ���`B kA∞

∞ - rQ8�℄ 0 −→ B −→ E −→ A −→ 0Z(B�� ÊkA∞

∞

(A,B). + ÊkA∞

∞

(A,B) FWiQ8�℄ 0 −→ B −→ E1 −→ A −→ 0 �
0 −→ B −→ E2 −→ A −→ 0 'MD B�z5+�i kA∞

∞ - rD< α : E1 −→ E2 &�H
0 - B - E1

- A - 0

‖ ‖
?
α

0 - B - E2
- A - 0

(2.2)*���:�nL�Bt℄*D t℄�� ÊkA∞

∞

(A,B) BD L��M EkA∞

∞

(A,B).j4F�S" kAa
b - r E � F , WlB�L��� ÊkAa

b
(E,F ) � EkAa

b
(E,F ).hq 2.2 ! A,B a�* (a, b) - x� (c, d) - x kA∞

∞ - r�` f = max{b, d}, e =

min{a, c}. vi+�� EkA∞

∞

(A,B) � Ext1kAe
f
(A,B) >"5+3 � �_n�m;�M 2.6 �� kA∞

∞ - rBQ8�℄ 0 −→ B −→ E −→ A −→ 0 B�>^ kAe
f - rBQ8�℄�>�B E * (e, f) - x kA∞

∞ - r�_J�z�H (2.2) ^M kA∞
∞

- r*�vi^M kAe
f - rgH�*�_�_n�m;�M 2.3 B�	 A � B >^ kAe

f - r���m;�M 2.2 ��M 2.4 B�	�� kAe
f - rQ8�℄ 0 −→ B −→ E −→ A −→ 0 >^ kA∞

∞ - rQ8�℄����z^M kAe
f - r�H (2.2) *�vi^M kA∞

∞ - rgH�*�7�B�	�� ÊkA∞

∞

(A,B) >^�� ÊkAe
f
(A,B), 5W	�� EkA∞

∞

(A,B) >^�� EkAe
f
(A,B). L7M=+�� EkAe

f
(A,B) � Ext1kAe

f
(A,B) >"5+3 ��1��

EkA∞

∞

(A,B) � Ext1kAe
f
(A,B) >"5+3 �}s 2.1 ! A,B * kA∞

∞ - r�vi�� EkA∞

∞

(A,B) ���iV�B abelian �/q� 3*�Mm;LM 2.2 5+ e, f ∈ Z &�+ EkA∞

∞

(A,B) � Ext1kAe
f
(A,B) >"��i��>"BDq�W Ext1kAe

f
(A,B) ��iV�B abelian �/q�Q��nB=eS kAa

∞ - r�(S��F a ∈ Z.}s 2.2 S"�� kAa
∞ - r E, �z m ≥ a, m, a ∈ Z, vi�� EkAa

∞

(E, inda
m) B|�i(5� ! E *�i kAa

∞ - r�vi5+L�B71 c, d ∈ Z, c ≤ d &� E * (c, d) - x
kAa

∞ - r�` r = max{m, d}, viB�	 kAa
∞ - r inda

m >^ kAa
r - r�D�B�	 kAa

∞ -r E >^ kAa
r - r��" inda

m *�ix kAa
r - r��1 Ext1kAa

r
(E, inda

m) = 0. 7�m;LM 2.2 �� EkAa
∞

(E, inda
m) B|�i(5�
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3 Ringel-Hall fy H(kA
∞

∞
) l H(kA

a

∞
)! k *�i�g&� |k| = q <∞. M[� kA∞

∞ B Ringel-Hall 71 H(kA∞
∞), WlB~�7�g\ kA∞

∞ - r℄,��:M kA∞
∞-fin. 3O�gr*AgrB|�gi(5��M�g kA∞

∞ - r�}*�gO kA∞
∞ - r�7� kA∞

∞-fin= kA∞
∞-mod.�q 3.1 ! M,N ∈ kA∞

∞-mod, vi EkA∞

∞

(M,N) *�i�g�� m;LM 2.2 �:�! M,N1, · · · , Nt ∈ kA∞
∞-mod. � gM

N1,···,Nt
M� M BTr"(BgY Mi−1/Mi

∼= NiBdV M = M0 ⊇M1 ⊇ · · · ⊇Mt = 0 Bi1��F 1 ≤ i ≤ t.�m 3.1 ! M * (a, b) - x kA∞
∞ - r�viB�	 kA∞

∞ - r M B���r�Tr�>^ kAa
b - r�7�B�	 kA∞

∞ - r M BgYB' Mi−1/Mi
∼= Ni, �F 1 ≤ i ≤ t B�� kA∞

∞ - rdV M = M0 ⊇ M1 ⊇ · · · ⊇ Mt = 0 >^ kAa
b - r M BgYj�B'B kAa

b -rdV�_�_n�B�	�� kAa
b - r M B��gYB' Mi−1/Mi

∼= Ni, 1 ≤ i ≤ t B
kAa

b - rdV M = M0 ⊇M1 ⊇ · · · ⊇Mt = 0 >^ kA∞
∞ - r M BgYj�B'B kA∞

∞ - rdV��1	�6 gM
N1,···,Nt

WlB~ÆL kAa
b - r M BgYB' Mi−1/Mi

∼= Ni, 1 ≤ i ≤ tB kAa
b - rdV M = M0 ⊇M1 ⊇ · · · ⊇Mt = 0 Bi1�! M ∈ kA∞

∞-mod, � M BDqLM [M ]. `nB�MKV"WI�DB�6gYB'
M/M1

∼= N1,M1/M2
∼= N2,M2

∼= N3 B M BdV M ⊇M1 ⊇M2 Bi1��q 3.2 ! M,N1, N2 ∈ kA∞
∞-mod, vi

∑

[L]

gL
N1,N2

gM
L,N3

=
∑

[L]

gM
N1,Lg

L
N2,N3

= gM
N1,N2,N3

.` H(kA∞
∞) �(� {[M ]|M ∈ kA∞

∞-mod} M�B Q - oYF"�+ H(kA∞
∞) �L�*[ ⋄: [N1] ⋄ [N2] :=

∑

[M ] g
M
N1,N2

[M ]. Q�m;�M 3.1  'B�*�i�g���q 3.3 +�nL�B*[ ⋄ `� H(kA∞
∞) (M�i� [0] ^M9S(B/� Q - 71�Wl':M kA∞

∞ B Ringel-Hall 71� Q�*[ ⋄ B/�|KV" [M ] + ([N1] ⋄ [N2]) ⋄ [N3] � [N1] ⋄ ([N2] ⋄ [N3]) B℄1a�* ∑

[L] g
L
N1,N2

gM
L,N3

� ∑

[L] g
M
N1,Lg

L
N2,N3

, Wm;�M 3.2 :l8}jD�j4F�B�L� Ringel-Hall 71 H(kAa
∞) � H(kAa

b ), �F a, b ∈ Z, a ≤ b.m;L�B�>=71 H(kA∞
∞) B/q��g kA∞

∞ - r℄,=L�e+Wl���iJ	B�6/q℄1Bp'�!M,N * kAa
b -r���� kAa

b -r X BVDq� AutkAa
b
(X)B-1M aX . ` Ext1kAa

b
(M,N)L �( Ext1kAa

b
(M,N) B� L ^MF"mBT��vi

gL
M,N =

aL|Ext
1
kAa

b
(M,N)L|

aMaN |HomkAa
b
(M,N)|

. (3.1):o"%Tf [15].! M,N a�* (a, b) - x� (c, d) - x kA∞
∞ - r�` f = max{b, d}, e = min{a, c}, vim;Q� 3.1 �p' (3.1) Wl�

gL
M,N =

aL|Ext
1
kAe

f
(M,N)L|

aMaN |HomkAe
f
(M,N)|

. (3.2)uz 3.1 ! M1,M2, · · · ,Mt a�* (mi, ni) - x kA∞
∞ - r��F i = 1, 2, · · · , t. !

m,n ∈ Z, �F m ≤ a = min{mi|i = 1, · · · , t}, n ≥ b = max{ni|i = 1, · · · , t}. �z+ H(kAm
n )
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[M1] ⋄ · · · ⋄ [Mt] =
∑

[L]

gL
M1,···,Mt[L], (3.3)3$	 Mi >^ kAm

n - r�vi+ H(kA∞
∞) F

[M1] ⋄ · · · ⋄ [Mt] =
∑

[L]

gL
M1,···,Mt

[L] (3.4)(S��F	��i�'FBvt L >^ kA∞
∞ - r� .a��z+ H(kA∞

∞) F�
[M1] ⋄ · · · ⋄ [Mt] =

∑

[L]

gL
M1,···,Mt

[L],viWlR���gY gL
M1,···,Mt

6= 0 B kA∞
∞ - r L �L* (a, b) - x kA∞

∞ - r�	:o:B~Je���M 2.6. 3�m;�M 2.3 B�	 L >^ kAm
n - r��3�zWl	 M1, M2, · · ·, Mt >^ kAm

n - r���+ H(kAm
n ) F�

[M1] ⋄ · · · ⋄ [Mt] =
∑

[L]

gL
M1,···,Mt

[L],vim;�M 2.2 B�	 kAm
n - r L >^ kA∞

∞ - r������:3�B L �L* (a, b) -x kA∞
∞ - r�_Jm;Q� 3.1 jS�B℄1 gL

M1,···,Mt
jD��1q�B:�hq 3.1 C{	 H(kAa

b ) FB(5 [L] �= H(kA∞
∞) FjS�B(5 [L], B�V�B	 H(kAa

b ) >^ H(kA∞
∞) B�iT71� m;q� 3.1 �:�j4F�WlB�:o�B�V�B	 H(kAn

∞)>^ H(kA∞
∞)T71��F n ∈ Z; B�V�B	 H(kAa

b )>^ H(kAm
∞)BT71��F a ≥ m; B�V�B	 H(kAa

b )>^ H(kAc
d)BT71��F c ≤ a, b ≤ d.S"�g Z - r M , �:B$PM lZ(M).�q 3.4 ! R *�i finitary ��! L ∈ R-fin, �� L ��i� M1, · · · ,Mt M�TBdV�vi lZ(Ext1R(L,L)) ≤ lZ(Ext1R(M1 ⊕ · · · ⊕Mt,M1 ⊕ · · · ⊕Mt)). _J�D'(S;�4; L ∼= M1 ⊕ · · · ⊕Mt. "%Tf [16].�" kAa

b *�i finitary ���M 3.4 S" kAa
b -mod (S�� ind-kA∞

∞ M kA∞
∞-modB��gO�Ba0 kA∞

∞ - rq(BT℄,�}s 3.1 H(kA∞
∞) *�7�B [M ] "(B��F M ∈ ind-kA∞

∞. ! M = M1 ⊕ · · ·⊕Mt, Mi *�Ba0 kA∞
∞ - r� i = 1, · · · , t. ��! M * (a, b) -x kA∞

∞ - r�vi�B�	 Mi >^ kAa
b - r�+ lZ(EkA∞

∞

(M,M)) ���1�xw[��z |EkA∞

∞

(M,M)| = 1,vi [M ] = c[M1]⋄ · · ·⋄ [Mt], �F 0 6= c ∈ Q. �z |EkA∞

∞

(M,M)| 6= 1,vi
[M1] ⋄ · · · ⋄ [Mt] = c[M ] +

∑

[L] 6=[M ]

cL[L],�F+�'FB L 	�7�& cL 6= 0 Br��z cL 6= 0, L ≇ M , vi L �* (a, b) - x
kA∞

∞ - r��1m;LM 2.2 � lZ(EkA∞

∞

(L,L)) = lZ(Ext1kAa
b
(L,L)), lZ(Ext1kAa

b
(M,M)) =
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lZ(EkA∞

∞

(M,M)). Q�B�	 L >^�i� M1, · · · ,Mt ^MdVB kAa
b - r�^M kAa

b -r� M = M1 ⊕ · · · ⊕Mt. �1m;�M 3.4 Wl� lZ(Ext1kAa
b
(L,L)) < lZ(Ext1kAa

b
(M,M)).7�Wl� lZ(EkA∞

∞

(L,L)) < lZ(EkA∞

∞

(M,M)). 3�m;1�xw[/eB:��z E *�i�Ba0 kA∞
∞ - r�vim;LM 2.1 5+ a, b ∈ Z,a ≤ b, &� E Dq" inda

b . `nWl+�7�B�Ba0 kA∞
∞ - rBDqLZ(B���� {inda

b}a,b∈Z ����i��kL�Ba0 kA∞
∞ - r inda

b � indc
d, �z a < c �2 a = c �� b < d, 9L� inda

b < indc
d. ��

· · · · · · < inda
a < inda

a+1 < · · · < inda+1
a+1 < inda+1

a+2 < · · · · · · ,

a ∈ Z.uz 3.2 ! E < F *�S�Ba0 kA∞
∞ - r�vi HomkA∞

∞

(E,F ) = 0 ��
|EkA∞

∞

(F,E)| = 1. � SiMS�"&H A∞
∞ BH i-iKJB9 kA∞

∞ -r�i ∈ Z. ! E = inda
b , F = indc

d,�F a ≤ b, c ≤ d, a, b, c, d ∈ Z, vi�WI�HZ"���2 a < c �2 a = c �� b < d.�z a < c, vi inda
b B���rO| Sa ^M top, W indc

d B��TrO��� Sa^M�T��1Wl�L� HomkA∞

∞

(inda
b , indc

d) = 0.�z a = c �� b < d, �" indc
d *�i uniserial r�� inda

b * indc
d B�i5�r��� inda

b B���rO��� Sd ^M socle, Wl�L� HomkA∞

∞

(inda
b , indc

d) = 0.��kL�gO kAm
n - r X � Y , �F m,n ∈ Z, m ≤ n, vi� DExt1kAm

n
(X,Y ) ∼=

HomkAm
n

(τ−1Y,X), �F τ * Auslander-Reiten �� D = Homk(−, k). ���:
τ−1inda

b = inda−1
b−1 .` f = max{b, d}, e = min{a, c}, viB�	 inda

b � indc
d >^ kAe

f - r��z a = e, �M inda
b *�ix kAe

f - r�7� Ext1kAe
f
(indc

d, inda
b ) = 0.�z a > e, vi�" a ≤ c, 7�� a − 1 < c. ��%�nj4BM��WlB�:o

HomkAe
f
(τ−1inda

b , indc
d) = HomkAe

f
(inda−1

b−1 , indc
d) = 0. 3�Wl� Ext1kAe

f
(indc

d, inda
b ) = 0.7�m;LM 2.2, � |EkA∞

∞

(indc
d, inda

b )| = |Ext1kAe
f
(indc

d, inda
b )| = 1.! E *�i kA∞

∞ - r� r ∈ N, � [E]r M r i [E] + H(kA∞
∞) FB*�����nL�B��WlB��= H(kA∞

∞) B�i PBW- x���q 3.5 ! 0 → M → E → N → 0* kA∞
∞ -rB8��℄��z HomkA∞

∞

(M,N) = 0,vi gE
N,M = 1. ! π : E → N *�igD<�vi�" HomkA∞

∞

(M,N) = 0, � M ∈ ker(π). �+
M , E � N BO1�B��= M = ker(π). -m;L��MB:�hq 3.2 ��

Ω = {[Ei1 ]
r1 · · · [Eiα

]rα |Eij
∈ ind-kA∞

∞, α ∈ Z≥0, rj ∈ N}k- H(kA∞
∞) �i PBW- x���F Ei1 > Ei2 > · · · > Eiα

MWW��DqB�Ba0
kA∞

∞ - r� ! E *�i�gO kA∞
∞ - r�WlB�xw:o5+ tj ,m ∈ N,j = 1, 2, · · · ,m, &� E B�a0M t1Ei1 ⊕ t2Ei2 · · ·⊕ tmEim

, �F Eij
*WW��DqB�Ba0 kA∞

∞ -r���+�nL�B�`�z j > l, j, l = 1, · · · ,m, � Eij
< Eil

.
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∞) F [E] = [t1Ei1 ] ⋄ [t2Ei2 ] ⋄ · · · ⋄

[tmEim
]. ����:�z F *�i�Ba0 kA∞

∞ - r�vi |EkA∞

∞

(F, F )| = 1, �1+
H(kA∞

∞) FWl� [F ]r = hr[rF ], �F hr ∈ Q. 7�5+ 0 6= h ∈ Q, &� [E] = [t1Ei1 ⊕

t2Ei2 · · · ⊕ tmEim
] = [t1Ei1 ] ⋄ [t2Ei2 ] ⋄ · · · ⋄ [tmEim

] = h[Ei1 ]
t1 ⋄ · · · ⋄ [Eim

]tm . �" [Ei1 ]
t1 ⋄ · · · ⋄

[Eim
]tm = 1

h
[t1Ei1 ⊕ t2Ei2 · · · ⊕ tmEim

], �� Ω + Q �i|Yt�uz 3.3 [inda
b ] � [indc

d] + H(kA∞
∞) FB*�B��`k-� a, b, c, d ∈ Z.

[inda
b ] ⋄ [indc

d] =



































































































(q + 1)[inda
b ⊕ inda

b ], a = c, b = d,

[inda
b ⊕ indc

d], a > c, b = d,

q[inda
b ⊕ indc

d], a < c, b = d,

[inda
b ⊕ indc

d], b > d,

q[inda
b ⊕ inda

d], c = a, b < d,

[inda
b ⊕ indb+1

d ] + [inda
d], c = b+ 1, b < d,

q[inda
b ⊕ indc

d] + [inda
d ⊕ indc

b], c ∈ [a+ 1, b], b < d,

[inda
b ⊕ indc

d], c /∈ [a, b+ 1], b < d. �,m; (3.2) �HX ak-B kA∞
∞ B�gO�(B|E�6�B�! R *�i finitary �� H(R) * R B Ringel-Hall 71��(71 C(R) *A�7�B�g9 R -r [S]BDqL"(B H(R)BT71�t" C(R)BnVv\�"%Tf [17].uz 3.4 H(kA∞

∞) �:B�(T71J�� m;Ie 3.1 B~:o [E] yr� {[Si]|i ∈ Z} "(��F E *�i�Ba0 kA∞
∞

- r� Si *9 kA∞
∞ - r�m;LM 2.1 {inda

b |a ≤ b, a, b ∈ Z} *7�B�Ba0 kA∞
∞

- r�� {inda
a|a ∈ Z} *7�B9 kA∞

∞ - r��1B~� a < b $B�z�m;q�
3.3 [inda

b−1] ⋄ [indb
b] = [inda

b ] + [inda
b−1 ⊕ indb

b] �� [indb
b] ⋄ [inda

b−1] = [inda
b−1 ⊕ indb

b]. s
[inda

b ] = [inda
b−1] ⋄ [indb

b] − [indb
b] ⋄ [inda

b−1]. SrB$P5{1�xw9B�K(:o�+`nWlD	 H(kA∞
∞) � H(kAa

∞) >"Bt℄��F a ∈ Z.hq 3.3 ! n,m ∈ Z, m ≤ n, vi
lim

n→+∞
H(kAm

n ) = H( lim
n→+∞

kAm
n ) = H(kAm

∞). .aWl:o lim
n→+∞

kAm
n = kAm

∞.�z n ≤ u, d� kAm
n * kAm

u B�iT71����� kAm
n →֒ kAm

u M φn
u. �z

n ≤ u ≤ l, n, u, l ∈ Z, d�� φn
l = φu

l φ
n
u. �z n ∈ Z, n ≥ m, Wl�=? kAm

n * kAm
∞ BT71����� kAm

n →֒ kAm
∞ M fn. �z n ≤ u, n, u ∈ Z, �= fn = fuφ

n
u.	:o kAm

∞ *8o�g�Wl~	:o`nB℄|�S�� k- 71 X ��igYB' gn = guφ
n
u B71D<B�� {gn : kAm

n → X |n ∈ Z}, �F n ≤ u, n, u ∈ Z, 5+L�B4 kAm
∞ = X B71D< σ &�S��B n ∈ Z, n ≥ m � gn = σfn.�" Am

∞ B�g$PBaB��q( kAm
∞B�i��WlB��1L� σ, σ(p) = gn(p),�F p * Am

∞ B��a� n = t(p). ! α, β * Am
∞ BWia�` n = t(α), u = t(β), vi

σ(βα) = gu(βα) = gu(β)gu(α) = gu(β)guφ
n
u(α) = gu(β)gn(α) = σ(β)σ(α),
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n B�ia�Wl� t(p) ≤ n, �1 σfn(p) = σ(p) = gt(p)(p) = gn(p). W��z3�B σ 5+�Wl�L� σ(p) = σfn(p) = gn(p), �F p* Am

∞ B��gY t(p) = nB�g$Pa�3�Wl9:o[ lim
n→+∞

kAm
n = kAm

∞.`nWl	:o lim
n→+∞

H(kAm
n ) = H(kAm

∞).Wl=?�z n ≤ u, n, u ∈ Z, B�	 H(kAm
n ) >^ H(kAm

u ) B�iT71��z
n,m ∈ Z, m ≤ n, B�	 H(kAm

n )>^ H(kAm
∞)B�iT71�� ψn

u : H(kAm
n ) →֒ H(kAm

u )M��� ���z E *�gO kAm
n - r�� ψn

u([E]) = [E]. �z n ≤ u ≤ l, d��
ψn

l = ψu
l ψ

n
u . L� αn M��� H(kAm

n ) →֒ H(kAm
∞), �F n,m ∈ Z, m ≤ n, ��z E*�gO kAm

n - r�� αn([E]) = [E]. �z n ≤ u, n, u ∈ Z, m;�M 2.2 �M 2.3 Wl�
αn = αuψ

n
u .Wl�~	:o`nB℄|�S�� Q- 71 X ��igYB' hn = huψ

n
u B71D<B�� {hn : H(kAm

n ) → X |n ∈ Z, n ≥ m}, �F n ≤ u, n, u ∈ Z, 5+L�B4 H(kAm
∞)= X B71D< θ &�S��B n ∈ Z, n ≥ m gY hn = θαn.! E *�i (r, n) - x kAm

∞ - r� r ≥ m, L� θ([E]) = hn([E]), �F	 'FB E >^�i kAm
n - r��"7��gO kAm

∞ - rDqLB��q( H(kAm
∞) B�i��B�	

θ L�Bi|I0(�i4 H(kAm
∞) = X Bi|� �! E, F a�* (r1, n) - x� (r2, u) - x�gO kAm

∞ - r��F r1, r2 ≥ m. ` v =

max{n, u},vim;�M 2.3B�	 E � F >^ kAm
v -r�m;LM 3.1Wl� θ([E]⋄[F ]) =

θ(
∑

[L] g
L
E,F [L]) =

∑

[L] g
L
E,F θ([L]) =

∑

[L] g
L
E,Fhv([L]) = hv(

∑

[L] g
L
E,F [L]) = hv([E] ⋄ [F ]) =

hv([E])hv([F ]) = hvψ
n
v ([E])hvψ

u
v ([F ]) = hn([E])hu([F ]) = θ([E])θ([F ]), �F-e+�'FB�� kAm

∞ -r L* (r, v) -x kAm
∞ -r�r = min{r1, r2}, �1m;�M 2.3L(M�i kAm

v

- r�7� θ *�i71D<�kL���gO kAm
n - r E, WlB�	 E >^ kAm

∞ - r���5+L�B71 u, r,

m ≤ r ≤ u ≤ n &� E *�i (r, u) - xr��1�B�	 E >^ kAm
u - r��" ψu

n *��� �Wl�
θαn([E]) = θ([E]) = hu([E]) = hnψ

u
n([E]) = hn([E]),�1 θαn = hn.W�z3�B� θ 5+�S��B�gO (r, n) - x kAm

∞ - r E, �F r ≥ m, Wl�L� θ([E]) = θαn([E]) = hn([E]). 3�Wl9:o[ lim
n→+∞

H(kAm
n ) = H(kAm

∞).j4F�WlB�:ohq 3.4 ! m ∈ Z, vi
lim

m→−∞
H(kAm

∞) = H( lim
m→−∞

kAm
∞) = H(kA∞

∞). o � �
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Ringel-Hall Algebra of A
∞

∞
-type

Hou Ruchen
(School of Mathematics and Information Science, University of Yantai, Yantai 264005)

Ye Yu
(Department of Mathematics, University of Science and Technology of China, Hefei 230026)

Abstract: This is the first one of two papers studying the quantum group of sl∞∞ type via the

Ringel-Hall algebra of A∞
∞ type. For this we need to deal with finite-dimensional representations

of the infinite-dimensional path algebra kA∞
∞ over any field k. In the present paper, we first

study the category of the finite-dimensional representations of kA∞
∞ by determining all its

indecomposable objects and their extensions explicitly ; then we investigate the Ringel-Hall

algebra H(kA∞
∞) for a finite field k. The main viewpoint of this investigation is to regard

H(kA∞
∞) as the direct limit of the Ringel-Hall algebra H(kA∞) and H(kA∞) as the direct

limit of the Ringel-Hall algebra H(kAn). In particular, we get a PBW-basis of H(kA∞
∞) and

show that H(kA∞
∞) coincides with its composition subalgebra.

Key words: Path algebra; Ringel-Hall algebra; Quantum group.
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